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a b s t r a c t
In this paper, using the method of Diaz-Barrero et al. (2008) [J.L. Diaz-Barrero, M. Grau-
Sanchez, P.G. Popescu, Refinements of Aczél, Popoviciu and Bellman’s inequalities, Comput.
Math. Appl. 56 (2008) 2356–2359], refinements of generalizedAczél-Popoviciu’s inequality
and generalized Bellman’s inequalities are established. As applications, some integral
inequalities are given.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In 1956, Aczél [1,2] published the following result.
Theorem A. Let n be a positive integer and let A, B, ak, bk, (1 ≤ k ≤ n) be real numbers such that A2 ≥ ∑nk=1 a2k or B2 ≥∑n
k=1 b
2
k . Then(
A2 −
n∑
k=1
a2k
)(
B2 −
n∑
k=1
b2k
)
≤
(
AB−
n∑
k=1
akbk
)2
(1.1)
with equality if and only if the sequences A, a1, . . . , an and B, b1, . . . , bn are proportional.
Later in 1959 Popoviciu [2,3] gave a generalization of the preceding inequality.
Theorem B. Let n, p be positive integers and let A, B, ak, bk, (1 ≤ k ≤ n) be real numbers such that Ap ≥ ∑nk=1 apk or
Bp ≥∑nk=1 bpk . Then(
Ap −
n∑
k=1
apk
)(
Bp −
n∑
k=1
bpk
)
≤
(
AB−
n∑
k=1
akbk
)p
. (1.2)
Recently, Wu and Debnath [4] and Wu [5,6] gave a series of generalizations and refinements of Aczél–Popoviciu’s
inequality. The latest result [6] is given in the following. The inequality is called as generalized Aczél–Popoviciu’s inequality.
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Theorem C. Let p1, p2, . . . , pm be positive real numbers, ρ = 1p1 + 1p2 + · · · + 1pm , and let aij > 0, a
pj
1j −
∑n
i=2 a
pj
ij > 0
(i = 1, 2, . . . , n, j = 1, 2, . . . ,m),m ≥ 2, n ≥ 2. Then we have the inequality
m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
≤ n1−min{ρ,1}
m∏
j=1
a1j −
n∑
i=2
m∏
j=1
aij − α
∑
1≤j<k≤m
(
n∑
i=2
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
,
where α = a11a12···a1m
η
, η =
{
(m− 1)max{p1, p2, . . . , pm,m/2} for ρ ≥ 1,
nρ−1m2(m− 1)−1max{p1, p2, . . . , pm, (1− ρ)−1} for ρ < 1.
A related result due to Bellman [2,7] that appeared in 1956 is stated as follows.
Theorem D. Let n, p be positive integers and let A, B, ak, bk, (1 ≤ k ≤ n) be nonnegative real numbers such that Ap ≥∑nk=1 apk
and Bp ≥∑nk=1 bpk . Then(
Ap −
n∑
k=1
apk
)1/p
+
(
Bp −
n∑
k=1
bpk
)1/p
≤
(
(A+ B)p −
n∑
k=1
(ak + bk)p
)1/p
. (1.3)
By means of splitting the sums, Diaz-Barrero [8] obtained the refinements of the preceding inequalities (1.1), (1.2)
and (1.3).
Theorem E. Let n, p be positive integers and let A, B, ak, bk, (1 ≤ k ≤ n) be real numbers such that Ap ≥ ∑nk=1 apk or Bp ≥∑n
k=1 b
p
k . Then, for 1 ≤ j < n(
Ap −
n∑
k=1
apk
)(
Bp −
n∑
k=1
bpk
)
≤ R(A, B, ak, bk) ≤
(
AB−
n∑
k=1
akbk
)p
,
where
R(A, B, ak, bk) =
 p
√√√√Ap − j∑
k=1
apk
p
√√√√Bp − j∑
k=1
bpk −
n∑
k=j+1
akbk
p .
Theorem F. Let n, p be positive integers and let A, B, ak, bk, (1 ≤ k ≤ n) be nonnegative real numbers such that Ap ≥∑nk=1 apk
and Bp ≥∑nk=1 bpk . Then(
Ap −
n∑
k=1
apk
)1/p
+
(
Bp −
n∑
k=1
bpk
)1/p
≤ S(A, B, ak, bk) ≤
(
(A+ B)p −
n∑
k=1
(ak + bk)P
)1/p
where
S(A, B, ak, bk) =

 p
√√√√Ap − j∑
k=1
apk + p
√√√√Bp − j∑
k=1
bpk
p − n∑
k=j+1
(ak + bk)p

1/p
.
In this paper, using the method of Diaz-Barrero [8], splitting the sums, we obtain refinements of generalized
Aczél–Popoviciu’s inequality and generalized Bellman’s inequality. As applications, the integral inequalities are given.
2. Main results
Theorem 1. Let p1, p2, . . . , pm be positive real numbers, ρ = 1p1 + 1p2 + · · · + 1pm ≥ 1, and let aij > 0, a
pj
1j −
∑n
i=2 a
pj
ij > 0
(i = 1, 2, . . . , n, j = 1, 2, . . . ,m),m ≥ 2, n ≥ 2. Then, for 2 ≤ r < n (r ∈ N), we have the inequality
m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
≤ R(a, p) ≤
m∏
j=1
a1j −
n∑
i=2
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
n∑
i=2
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
,
where η = (m− 1)max{p1, p2, . . . , pm,m/2} and
R(a, p) =
m∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij
)1/pj
−
n∑
i=r+1
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
.
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Proof. First, we split the left-hand side of the preceding inequality as follows.
m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
=
m∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij −
n∑
i=r+1
a
pj
ij
)1/pj
=
m∏
j=1
(
M
pj
j −
n∑
i=r+1
a
pj
ij
)1/pj
,
whereMj =
(
a
pj
1j −
∑r
i=2 a
pj
ij
)1/pj
(j = 1, 2, . . . ,m). From the above expression and the hypothesis immediately we obtain
Mj ≥∑ni=r+1 apjij (j = 1, 2, . . . ,m). Therefore, applying generalized Aczél–Popoviciu’s inequality, we get
m∏
j=1
(
M
pj
j −
n∑
i=r+1
a
pj
ij
)1/pj
≤
m∏
j=1
Mj −
n∑
i=r+1
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
.
On the other hand, applying generalized Aczél–Popoviciu’s inequality again it follows that
m∏
j=1
Mj ≤
m∏
j=1
a1j −
r∑
i=1
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
r∑
i=1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
and we have
m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
=
m∏
j=1
(
M
pj
j −
n∑
i=r+1
a
pj
ij
)1/pj
≤
m∏
j=1
Mj −
n∑
i=r+1
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
≤
m∏
j=1
a1j −
r∑
i=1
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
r∑
i=1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
−
n∑
i=r+1
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
=
m∏
j=1
a1j −
n∑
i=1
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
n∑
i=1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
and the proof is complete. 
Note that when 1p1 + 1p2 + · · · + 1pm = 1, it implies that max{p1, p2, . . . , pm} ≥ m, then we have max{p1, p2, . . . , pm} ≥
m/2. We obtain immediately from Theorem 1 the following result:
Corollary 1. Let p1, p2, . . . , pm be positive real numbers, ρ = 1p1 + 1p2 + · · · + 1pm = 1, and let aij > 0, a
pj
1j −
∑n
i=2 a
pj
ij > 0
(i = 1, 2, . . . , n, j = 1, 2, . . . ,m),m ≥ 2, n ≥ 2. Then, for 2 ≤ r < n (r ∈ N), we have the inequality
m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
≤ R(a, p) ≤
m∏
j=1
a1j −
n∑
i=2
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
n∑
i=2
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
,
where η = (m− 1)max{p1, p2, . . . , pm} and
R(a, p) =
m∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij
)1/pj
−
n∑
i=r+1
m∏
j=1
aij − a11a12 · · · a1m
η
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
.
In particular, putting m = 2, p1 = p, p2 = q, ai1 = ai, ai2 = bi (i = 1, 2, . . . , n) in Theorem 1, we give the refinement
and generalization of Theorem E.
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Corollary 2. Let p and p be positive real numbers, 1p+ 1p ≥ 1, and let ai > 0, bi > 0 (i = 1, 2, . . . , n) such that ap1−
∑n
i=2 a
p
i > 0
and bq1 −
∑n
i=2 b
q
i > 0. Then, for 2 ≤ r < n (r ∈ N), we have the inequality(
ap1 −
n∑
i=2
api
)1/p (
bq1 −
n∑
i=2
bqi
)1/q
≤ R(a, p) ≤ a1b1 −
n∑
i=2
aibi − a1b1max{p, q, 1}
(
n∑
i=2
(
api
ap1
− b
q
i
bq1
))2
,
where
R(a, p) =
(
ap1 −
r∑
i=2
api
)1/p (
bq1 −
r∑
i=2
bqi
)1/q
−
n∑
i=r+1
aibi − a1b1max{p, q, 1}
(
n∑
i=r+1
(
api
ap1
− b
q
i
bq1
))2
.
Theorem 2. Let p1, p2, . . . , pm be positive real numbers, ρ = 1p1 + 1p2 + · · · + 1pm < 1 and let aij > 0, a
pj
1j −
∑n
i=2 a
pj
ij > 0
(i = 1, 2, . . . , n, j = 1, 2, . . . ,m),m ≥ 2, n ≥ 2. Then, for 2 ≤ r < n(r ∈ N), we have the inequality
m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
≤ R(a, p) ≤ n1−ρ
m∏
j=1
a1j −
n∑
i=2
m∏
j=1
aij − a11a12 · · · a1m
θ
∑
1≤j<k≤m
(
n∑
i=2
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
,
where θ = nρ−1m2(m+ 1)−1max{p1, p2, . . . , pm, (1− ρ)−1}, and
R(a, p) = (n+ 1− r)1−ρ
m∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij
)1/pj
−
n∑
i=r+1
m∏
j=1
aij − a11a12 · · · a1m
θ
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
.
Proof. Replacingmwithm+ 1 in the left of inequality of Theorem 1 yields straightway the inequality:
m+1∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
≤
m+1∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij
)1/pj
−
n∑
i=r+1
m+1∏
j=1
aij
− a11a12 · · · a1m+1
mmax{p1, p2, . . . , pm, pm+1}
∑
1≤j<k≤m+1
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
,
where 1p1 + 1p2 + · · · + 1pm+1 = 1, a
pj
1j −
∑n
2 a
pj
ij > 0, pj > 0, aij > 0 (i = 1, 2 · · · , n, j = 1, 2, . . . ,m+ 1).
According to the course of the Theorem 2 in [6], we have
∑
1≤j<k≤m+1
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
≥ m+ 1
m
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
.
Combining the above two inequalities, we hence obtain
m+1∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
≤
m+1∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij
)1/pj
−
n∑
i=r+1
m+1∏
j=1
aij
− (m+ 1)a11a12 · · · a1m+1
m2max{p1, p2, . . . , pm, pm+1}
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
.
Now, putting apm+11m+1 = 1, apm+12m+1 = apm+13m+1 = · · · = apm+1nm+1 = 1n , 1pm+1 = 1 − 1p1 − 1p2 − · · · − 1pm into the preceding
inequality, we get(
1
n
)1− 1p1 − 1p2 −···− 1pm m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
≤
(
n+ 1− r
n
)1− 1p1 − 1p2 −···− 1pm m∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij
)1/pj
−
(
1
n
)1− 1p1 − 1p2 −···− 1pm n∑
i=r+1
m∏
j=1
aij − (m+ 1)a11a12 · · · a1mm2max{p1, p2, . . . , pm, (1− ρ)−1}
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
,
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thus leading to the desired inequality
m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
≤ (n+ 1− r)1−ρ
m∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij
)1/pj
−
n∑
i=r+1
m∏
j=1
aij − a11a12 · · · a1m
α
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
.
Repeating the foregoing arguments, we obtain
(n+ 1− r)1−ρ
m∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij
)1/pj
−
n∑
i=r+1
m∏
j=1
aij − a11a12 · · · a1m
α
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
≤ n1−ρ
m∏
j=1
a1j −
n∑
i=2
m∏
j=1
aij − a11a12 · · · a1m
α
∑
1≤j<k≤m
(
n∑
i=2
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
and the proof is complete. 
By combining Theorems 1 and 2,we get a very general refinement on generalized Aczél–Popoviciu’s inequality as follows.
Theorem 3. Let p1, p2, . . . , pm be positive real numbers, ρ = 1p1 + 1p2 + · · · + 1pm , and let aij > 0, a
pj
1j −
∑n
i=2 a
pj
ij > 0
(i = 1, 2, . . . , n, j = 1, 2, . . . ,m),m ≥ 2, n ≥ 2. Then, for 2 ≤ r < n (r ∈ N), we have the inequality
m∏
j=1
(
a
pj
1j −
n∑
i=2
a
pj
ij
)1/pj
≤ R(a, p) ≤ n1−min{ρ,1}
m∏
j=1
a1j −
n∑
i=2
m∏
j=1
aij − a11a12 · · · a1m
α
∑
1≤j<k≤m
(
n∑
i=2
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
,
where α =
{
(m− 1)max{p1, p2, . . . , pm,m/2} for ρ ≥ 1,
nρ−1m2(m− 1)−1max{p1, p2, . . . , pm, (1− ρ)−1} for ρ < 1, and
R(a, p) = (n+ 1− r)1−min{ρ,1}
m∏
j=1
(
a
pj
1j −
r∑
i=2
a
pj
ij
)1/pj
−
n∑
i=r+1
m∏
j=1
aij − a11a12 · · · a1m
α
∑
1≤j<k≤m
(
n∑
i=r+1
(
a
pj
ij
a
pj
1j
− a
pk
ik
apk1k
))2
.
It is obvious that Theorem 3 is a refinement of Theorem C.
Now we give a generalization of Theorem D. The generalization is called as generalized Bellman’s inequality.
Theorem 4. Let m and n be positive integers and let p ≥ 1, Ai and aik (i = 1, 2, . . . , n, k = 1, 2, . . . , n) be positive numbers
such that Api ≥
∑m
k=1 a
p
ik (i = 1, 2, . . . , n). Then
n∑
i=1
(
Api −
m∑
k=1
apik
)1/p
≤
((
n∑
i=1
Ai
)p
−
m∑
k=1
(
n∑
i=1
aik
)p)1/p
.
Proof. By induction, it is easy to obtain the desired result. So the detail is omitted. 
Theorem 5. Let m, n and j be positive integers and let p ≥ 1, Ai and aik (i = 1, 2, . . . , n, k = 1, 2, . . . , n) be positive numbers
such that Api ≥
∑m
k=1 a
p
ik (i = 1, 2, . . . , n). Then, 1 ≤ j < m, we have
n∑
i=1
(
Api −
m∑
k=1
apik
)1/p
≤ S(a, p) ≤
((
n∑
i=1
Ai
)p
−
m∑
k=1
(
n∑
i=1
aik
)p)1/p
,
where
S(a, p) =
 n∑
i=1
(
Api −
j∑
k=1
apik
)1/pp − m∑
k=j+1
(
n∑
i=1
aik
)p1/p .
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Proof. We have
n∑
i=1
(
Api −
m∑
k=1
apik
)1/p
=
n∑
i=1
(
Api −
j∑
k=1
apik −
m∑
k=j+1
apik
)1/p
=
n∑
i=1
(
Mi −
m∑
k=j+1
apik
)1/p
,
where Mpi = Api −
∑j
k=1 a
p
ik (i = 1, 2, . . . , n). From the above expression and the hypothesis immediately we obtain
Mpi ≥
∑m
k=j+1 a
p
ik (i = 1, 2, . . . , n). Applying generalized Bellman’s inequality yields
n∑
i=1
(
Mi −
m∑
k=j+1
apik
)1/p
≤
((
n∑
i=1
Mi
)p
−
m∑
k=j+1
(
n∑
i=1
aik
)p)1/p
.
Applying Bellman’s inequality again, we get
n∑
i=1
Mi =
n∑
i=1
(
Api −
j∑
k=1
apik
)1/p
≤
((
n∑
i=1
Ai
)p
−
j∑
k=1
(
n∑
i=1
aik
)p)1/p
.
Now, combining the two preceding inequalities, we obtain
n∑
i=1
(
Mi −
m∑
k=j+1
apik
)1/p
≤
((
n∑
i=1
Mi
)p
−
m∑
k=j+1
(
n∑
i=1
aik
)p)1/p
≤
((
n∑
i=1
Ai
)p
−
j∑
k=1
(
n∑
i=1
aik
)p
−
m∑
k=j+1
(
n∑
i=1
aik
)p)1/p
=
((
n∑
i=1
Ai
)p
−
m∑
k=1
(
n∑
i=1
aik
)p)1/p
and this completes the proof. 
3. Some applications
As applications of the above results, we establish here two interesting integral inequalities: integral type of refinements
of generalized Aczél–Popoviciu’s inequality and generalized Bellman’s inequality.
Theorem 6. Let p1, p2, . . . , pm be positive real numbers, 1p1 + 1p2 + · · · + 1pm = 1, Aj > 0 (j = 1, 2, . . . ,m), and let
fj (j = 1, 2, . . . ,m) be positive Riemann integrable functions on [a, b] such that Apjj −
∫ b
a f
pj
j (x)dx > 0 (j = 1, 2, . . . ,m),m ≥ 2.
Then, for any c ∈ [a, b), we have the inequality
m∏
j=1
(
A
pj
j −
∫ b
a
f
pj
j (x)dx
)1/pj
≤ R(a, p) ≤
m∏
j=1
Aj −
∫ b
a
(
m∏
j=1
fj(x)
)
dx
− A1A2 · · · Am
η
∑
1≤j<k≤m
(∫ b
a
(
f
pj
j (x)
A
pj
j
− f
pk
k (x)
Apkk
)
dx
)2
,
where η = (m− 1)max{p1, p2, . . . , pm} and
R(a, p) =
m∏
j=1
(
A
pj
j −
∫ c
a
f
pj
j (x)dx
)1/pj
−
∫ b
c
(
m∏
j=1
fj(x)
)
dx− A1A2 · · · Am
η
∑
1≤j<k≤m
(∫ b
c
(
f
pj
j (x)
A
pj
j
− f
pk
k (x)
Apkk
)
dx
)2
.
Proof. Along the lines of the proof Theorem 4 in [6], we give only the proof of the left of the preceding expression, since the
proof of the right of the preceding expression is similar to that.
For any c ∈ [a, b) and any positive integers l and n, we choose an equidistant partition of [a, c] and [c, b] respectively as
a < a+ c − a
l
< · · · < a+ c − a
l
h < · · · < a+ c − a
l
(l− 1) < c
< c + b− c
n
< · · · < c + b− c
n
i < · · · < c + b− c
n
(n− 1) < b,
1xh = c − al , h = 1, 2, . . . , l; 1xi =
c − a
n
, i = 1, 2, . . . , n.
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Since the hypothesis A
pj
j −
∫ b
a f
pj
j (x)dx = Apjj −
(∫ c
a f
pj
j (x)dx+
∫ b
c f
pj
j (x)dx
)
> 0 (j = 1, 2, . . . ,m) implies that
A
pj
j −
(
lim
l→∞
l∑
h=1
f
pj
j
(
a+ c − a
l
h
)
c − a
l
+ lim
n→∞
n∑
i=1
f
pj
j
(
c + b− c
n
i
)
b− c
n
)
> 0 (j = 1, 2, . . . ,m),
there exists a positive integer N such that
A
pj
j −
(
l∑
h=1
f
pj
j
(
a+ c − a
l
h
)
c − a
l
+
n∑
i=1
f
pj
j
(
c + b− c
n
i
)
b− c
n
)
> 0
for all k, n > N and j = 1, 2, . . . ,m.
Applying Corollary 1, one obtains for any n > N the following inequality:
m∏
j=1
(
A
pj
j −
(
l∑
h=1
f
pj
j
(
a+ c − a
l
h
)
c − a
l
+
n∑
i=1
f
pj
j
(
c + b− c
n
i
)
b− c
n
)) 1
pj
≤
m∏
j=1
(
A
pj
j −
l∑
h=1
f
pj
j
(
a+ c − a
l
h
)
c − a
l
) 1
pj
−
n∑
i=1
(
m∏
j=1
fj
(
c + b− c
n
i
))(
b− c
n
) 1
p1
+ 1p2 +···+
1
pm
− A1A2 · · · Am
η
∑
1≤j<k≤m
(
n∑
i=1
(
1
A
pj
j
f
pj
j
(
c + b− c
n
i
)
b− c
n
− 1
Apkk
f pkk
(
c + b− c
n
i
)
b− c
n
))2
.
Note that 1p1 + 1p2 + · · · + 1pm = 1, the above inequality can be transformed to
m∏
j=1
(
A
pj
j −
(
l∑
h=1
f
pj
j
(
a+ c − a
l
h
)
c − a
l
+
n∑
i=1
f
pj
j
(
c + b− c
n
i
)
b− c
n
)) 1
pj
≤
m∏
j=1
(
A
pj
j −
l∑
h=1
f
pj
j
(
a+ c − a
l
h
)
c − a
l
) 1
pj
−
n∑
i=1
(
m∏
j=1
fj
(
c + b− c
n
i
))(
b− c
n
)
− A1A2 · · · Am
η
∑
1≤j<k≤m
(
n∑
i=1
(
1
A
pj
j
f
pj
j
(
c + b− c
n
i
)
b− c
n
− 1
Apkk
f pkk
(
c + b− c
n
i
)
b− c
n
))2
.
In view of the hypotheses that f1, f2, . . . , fm are positive Riemann integrable functions on [a, b] and pj > 0 (j =
1, 2, . . . ,m), we conclude that
∏m
j=1 fj and f
pj
j (j = 1, 2, . . . ,m) are also integrable on [a, b]. Computing the limit when
n→∞ in both sides of the above inequality, we obtain the left of inequality in Theorem 6.
Repeating the foregoing arguments, it is easy to see that we obtain the right of inequality in Theorem 6. 
As a consequence of Theorem 6, puttingm = 2, p1 = p, p2 = q, A1 = A, A2 = B, f1 = f , f2 = g in Theorem 6, we obtain
the following result.
Corollary 3. Let A, B, p and p be positive real numbers, 1p + 1p = 1, and let f and g be positive Riemann integrable functions on
[a, b] such that Ap − ∫ ba f p(x)dx > 0 and Bq − ∫ ba gq(x)dx > 0. Then, for any c ∈ [a, b), we have the inequality(
Ap −
∫ b
a
f p(x)dx
)1/p (
Bq −
∫ b
a
gq(x)dx
)1/q
≤ R(a, p) ≤ AB−
∫ b
a
f (x)g(x)dx− AB
max{p, q}
(∫ b
a
(
f p(x)
A
− g
q(x)
B
)
dx
)2
,
where
R(a, p) =
(
Ap −
∫ c
a
f p(x)dx
)1/p (
Bq −
∫ c
a
gq(x)dx
)1/q
−
∫ b
c
f (x)g(x)dx− AB
max{p, q}
(∫ b
c
(
f p(x)
A
− g
q(x)
B
)
dx
)2
.
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Theorem 7. Let m be positive integers, p ≥ 1,and let Aj > 0 (j = 1, 2, . . . ,m) and let fj (j = 1, 2, . . . ,m) be positive Riemann
integrable functions on [a, b] such that Apjj −
∫ b
a f
pj
j (x)dx > 0 (j = 1, 2, . . . ,m),m ≥ 2. Then, for any c ∈ [a, b), we have the
inequality
m∑
i=1
(
A
pj
j −
∫ b
a
f
pj
j (x)dx
)1/p
≤ S(a, p) ≤
((
m∑
i=1
Ai
)p
−
∫ b
a
(
m∑
i=1
fi(x)
)p
dx
)1/p
,
where
S(a, p) =
((
m∑
i=1
(
Api −
∫ c
a
f
pj
j (x)dx
)1/p)p
−
∫ b
c
(
m∑
i=1
fi(x)
)p
dx
)1/p
.
Proof. Along the lines of the proof Theorem 6, it is easy to see that Theorem 7 is given. So the detail is omitted. 
Corollary 4. Let A and B be positive real numbers, p > 1, and let f and g be positive Riemann integrable functions on [a, b] such
that Ap − ∫ ba f p(x)dx > 0 and Bp − ∫ ba gp(x)dx > 0. Then, for any c ∈ [a, b), we have the inequality(
Ap −
∫ b
a
f p(x)dx
)1/p
+
(
Bp −
∫ b
a
gp(x)dx
)1/p
≤ S(a, p) ≤
(
(A+ B)p −
∫ b
a
(f (x)+ g(x))p dx
)1/p
,
where
S(a, p) =
(((
Ap −
∫ b
a
f p(x)dx
)1/p
+
(
Bp −
∫ b
a
gp(x)dx
)1/p)p
−
∫ b
c
(f (x)+ g(x))pdx
)1/p
.
It is obvious that Corollary 4 is integral type of Theorem F.
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